Abstract. We give a simple proof of the uniqueness of de Sitter and Schwarzschildde-Sitter spacetime without assuming extra conditions on the conformal boundary at infinity. Such spacetimes are the only solutions in the static class satisfying Einstein
Introduction
Boucher and Gibbons [1] , [2] gave an elliptic formulation for the uniqueness problem of de Sitter spacetime. Boucher, Gibbons and Horowitz [3] proved the uniqueness of the anti-de Sitter spacetime (Λ < 0). In the same paper an inequality was proved for the case Λ > 0 where equality implies the uniqueness. Since then the uniqueness of de Sitter spacetime has been proved by many authors under various extra conditions and in different dimensions (for a somewhat detailed discussion see [4] ). However the elliptic problem originally elaborated by Boucher and Gibbons [1] was unsolved. The elliptic problem has important relevance in the study of constant scalar curvature Riemannian metrics and the critical points of the scalar curvature map (see Kobayashi [5] , Shen [6] , [7] , Moncrief [8] , Lafontaine [9] and Hwang [10] ). Our present method uses positive mass theorem of Schoen and Yau [11] to show that the spatial 3-metric in the usual decomposition is conformally flat.
Representing the static metric 4 g by −V 2 dt 2 + g, where g is the induced Riemannian 3-metric on an open orientable spacelike hypersurface Σ + , and V and g are independent of time t, the field equations become equivalent to
Here ; denotes covariant derivative and ∆ denotes the Laplacian relative to g. V and g are assumed to be regular on the compact manifold with boundary Σ + ∪∂Σ + . V > 0 in Σ + and V = 0 on the boundary ∂Σ + . It is known that ∂Σ + is then totally geodesic.
We shall attach another copy of (Σ + , g) along the totally geodesic boundary ∂Σ + .
Under the assumption that the 4-geometry is regular g extends at least in C 1,1 fashion across ∂Σ + . Taking V < 0 in the attached Σ − we assume that V and g are C 3 in Σ ± and they are globally C 1,1 in the compact manifold
elliptic regularity theory applied to Eq. (1) in harmonic coordinates in the metric g make V and g, C ∞ . Although these harmonic coordinate functions may be only x 2,α relative to the original coordinates from now on we can select only C ∞ compatible charts so that the double Σ is a smooth manifold and V and g are smooth functions on it. However apart from the fact that the existence theorems we have referred for a Green function use a smooth 3-metric, all our calculations are done assuming V and g only C 3 . As in the case of black hole uniqueness theorems we are not worried about the required minimum regularity. For the uniqueness of de Sitter spacetime we also assume that the maximum value of V is 1. We shall first solve this uniqueness problem. 
is the only static solution of
g αβ , Λ > 0 such that the interior of the event horizon is diffeomorphic to the product of an open ball in R 3 with the time line.
Kobayashi [5] and Shen [7] conidered a general situation when the set V = 0 has more than one component. If g is conformally flat all complete solutions have been found by Kobayashi [5] and Lafontaine [12] . After proving the uniqueness of de Sitter spacetime we shall consider the situation when the set V = 0 has more than one component. Again it follows that g is conformally flat so that the results of [5] and [12] apply.
From the field equations Eq. (1) we find that the scalar curvature of g is
Conformal flatness gives spherical symmetry via the following identity (see Lindblom [13] )
where Ω is the trace-free part of the extrinsic curvature of the V = constant twosurfaces, and ∇ T |∇V| 2 is the gradient of |∇V| 2 on these two-surfaces. The Bach tensor R i jk vanishes iff the 3-manifold is locally conformally flat. R i jk = 0 implies that |∇V| is a function of V only and the V = constant surfaces are umbilic. One can then show that g and V are spherically symmetric (see Künzle [14] , Avez [15] ).
Proof of the new results
Since Λ > 0, (Σ, g) is a compact Riemannian manifold with positive scalar curvature. Hence we have a unique Green's function by a theorem due to Lee and Parker (Theorem 2.8 [16] ).
Existence of the Green's Function (Theorem 3.5 on page 213 in [17] for dimension 3): For each P ∈ Σ there exists a unique smooth function G on Σ \ {P} such that R g − 8∆ g G = δ P in the distribution sense where δ P is the Dirac delta function at P. The metric Π = G 4 g is scalar flat and asymptotically flat. With respect to the geodesic normal coordinates x i of some conformal metric, G is of the form
where v is O(r), v ∈ C 2,µ and r = x i 2 .
Relative to coordinates X i = x i r −2 , Π = G 4 g has expansion
where R = r −1 . The constant m is the mass of the metric Π. m ≥ 0 by the positive mass theorem of Schoen and Yau. An easy computation shows that relative to the x i system components g has the expansion g lk = δ lk + O r 2 . We have on Σ \ {P}
Following lemma is proved rigorously by Yu in his undergraduate thesis [18] .
Lemma 2.1. Let q ∈ ∂Σ + . There exists a Green's function G satisfying Eq. (6) and having its singularity at q such that on ∂Σ + \{q} the normal derivative of G vanishes.
Proof: Here we omit the details. The idea is to show that if G is the Green's function of the Yamabe operator with singularity at q that exists by the existence theorem, then its reflection under the doubling G and (G + G)/2 are also Green's functions having their singularities at q. By definition G( p) = G(p) where p, p ∈ Σ are any pair of points related by the doubling. Then by the uniqueness all three Green's functions are the same. Now ∇G, n = − ∇ G, n . So the lemma follows.
We shall need the following expansion of V in a coordinate about a point q ∈ ∂Σ + such that g lk = δ lk + O r 2 . We suppose that the z = x 3 axis is perpendicular to ∂Σ 
Here Z is the coordinate X 3 . Let Γ denote the Christoffel symbol of Π in the {X i } system. Then using Eq. (8) with
But we can also obtain ∆ E V in the straightforward way from the expansion V = cz +
. This way using the information given after Eq. (7) we get
If m is not 0, Eq. (10) contradicts Eq. (9) . Hence the mass m of Π is 0 and by the positive mass theorem of Schoen and Yau, Π is Euclidean and hence g is conformally flat. This proves Theorem 1.1.
For the uniqueness of Schwarzschild-de-Sitter solution we simply need to paste the two copies across the identical components of the totally geodesic boundary ∂Σ + so as to form a manifold which is, in the simplest case, diffeomorphic to S 2 × S 1 .
Since we are assuming V > 0 in Σ + the proof actually shows nonexistence of complicated topology inside a compact set away from the boundary and also nonexsistence of more than two components of the boundary. As before we show that g is conformally flat. Then we invoke the works of Kobayashi [5] and Lafontaine [12] as explained before. V > 0 in Σ + then implies that the 3-metric is that of Schwarzschild-de-Sitter spacetime. In particular the V = 0 set has only two connected components.
Conclusion
Our proof is essentially 3-dimensional. Gibbons, Hartnoll and Pope [19] provided counterexamples showing non-uniqueness of de Sitter solution in some higher dimensions. In future we hope to undertake the study of these non-unquieness in view of the present technique.
